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Abstract

In this paper, we prove common fixed point theorems for six weakly
compatible mappings satisfying the contractive conditions in the
setting of generalized metric spaces satisfying an integral type and the
common (E.A) property. Also, we redefine the concept of Wilson [1]
and common (E.A) property in G-metric spaces. Our results generalize
some well-known results in the literature.
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1. Introduction

The fixed point theorems in metric spaces are playing a major role to
construct methods in mathematics to solve problems in applied mathematics
and science. So the attraction of metric spaces to a large number of
mathematicians is understandable. Some generalizations of the notation of a
metric space have been proposed by some authors. In 1986, Jungck [2]
proved a common fixed point theorem for commuting maps generalizing
the Banach’s fixed point theorem. This result was further generalized
and extended in various ways by many others. Sessa [24] defined weak
commutativity, also Jungck [2] introduced more generalized commutativity,
so-called compatibility, which is more general than that of weak
commutativity. Mustafa and Sims [3] generalized the concept of a metric
space. Based on the notion of generalized metric spaces, Mustafa et al. [4-8]
obtained some fixed point theorems for mappings satisfying different
contractive conditions. For other results, we refer to [9-22]. Abbas and
Rhoades [11] obtained some common fixed point theorems for non-
commuting maps satisfying different contractive conditions in the setting of
generalized metric space. Recently, Kaewcharoen [18] proved the existence
and uniqueness of common fixed point theorems of a pair of weakly
compatible mappings satisfying ®-maps in generalized metric spaces, see
also a recent paper of Shatanawi [22]. Commuting, weakly commuting,
compatible mappings have been frequently used to prove existence theorems
in common fixed point theory. Recall that, Jungck and Rhoades [23] defined
S and T to be weakly compatible if they commute at there coincidence points
i.e., if Su = Tu for some u € X, then STu = TSu.

Many examples in the literature illustrate that commuting implies weakly
commuting implies compatible implies weakly compatible maps, but the

converse need not be true (see [2] and [24]).

The following two axioms appeared in Wilson [1] for a symmetric space
(X, d).
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(W.3) Given {x,}, xand yin X, lim d(x,, x) =0 and lim d(x,, y)
n—»0 n—»
=0 imply x = y.

(W.4) Given {x,}, {y,} and x in X, lim d(x,,x)=0 and

n—»0

lim d(x,, y,) =0 imply that
n—0©

lim d(y,, x) = 0.

n—>®

Aamri and Moutawakil [29] defined the property (E.A) and established
some common fixed point theorems under strict contractive conditions on a
metric space for mappings satisfying the property (E.A). Again recall that the
pair (S, T) satisfies the property (E.A) if there exists a sequence {x,} in X

such that

lim Sx, = lim Tx, =t for some ¢t € X.
n—o n—oo

Most recently, Liu et al. [30] defined a common (E.A) property for a pair
of mappings as follows:

Definition 1.1. Let 4, B, S, T : X — X. The pairs (4, S) and (B, T)
satisfy the common (E.A) property if there exist two sequences {x,} and

{y,} in X such that

lim A4x, = lim Sx, = lim By, = lim Ty, =t € X.
n—o0 n—o n—o n—o0

Remark 1.1. If B=4 and S =7 in the above, then we obtain the
definition of the property (E.A).
2. Basic Concepts
In this section, we present the necessary definitions and theorems in
G-metric spaces.

Definition 2.1 [3]. Let X be a non-empty set, G : X x X x X — [0, +)

be a function satisfying the following axioms:
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(G1) G(x, y,z)=0if x =y =z

(G2) 0 < G(x, x, y) forall x, y e X with x = y;

(G3) G(x, x, ) < G(x, y, z) forall x, y, ze X with y # z;

(G4) G(x, y,z)=0G(x, z, y) = G(y, z, x) =--- (symmetry in all three
variables);

(G5) G(x, y,2)<G(x,a,a)+G(a, y, z) forall x, y, z,ae X (rectangle
inequality).
Then the function G is called a generalized metric, or, more specially, a
G-metric on X, and the pair (X, G) is called a G-metric space.

If condition (G6) also satisfied, then (X, G) is called symmetric G-metric

space.
(G6) G(x, y, ¥) < G(x, x, y) forall x, y in X.

Definition 2.2 [3]. Let (X, G) be a G-metric space, and let (x,) be a
sequence of points of X. We say that the sequence (x,,) is G-convergent to

xe X if lim G(x, x,, x,) =0, that is, for any & > 0, there exists a
n, m—>+owo

positive integer N such that G(x, x,, x,,,) < ¢ for all n, m > N. We call x

the limit of the sequence and write x,, - x or lim x, = x.
n—>+00

Proposition 2.1 [3]. Let (X, G) be a G-metric space. Then the following
are equivalent:

(1) (x,) is G-convergent to x;

(2) G(x,, x,,, X) = 0 as n — +o;

(3) G(x,, x, x) > 0 as n —> +x;

4) G(x,, X, x) > 0 as n, m — +oo.

Definition 2.3 [3]. Let (X, G) be a G-metric space. A sequence (x,,)

is called a G-Cauchy sequence if, for any € > 0, there is N such that

G(x,, x,,, x;)<¢ forall m,n> N, thatis, G(x,, x,,,x;)—>0 as n, m — +o,
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Proposition 2.2 [3]. Let (X, G) be a G-metric space. Then the following

are equivalent:

(1) the sequence (x,,) is G-Cauchy;,

(2) for any € >0, there exists N such that G(x,, x,,, X, )<¢ for all

m,n2>N.

Definition 2.4 [3]. A G-metric space (X, G) is called G-complete if
every G-Cauchy sequence is G-convergent in (X, G).

Every G-metric (X, G) defines a metric (X, dg) by
dg(x, y) = G(x, y, y)+ G(y, x, x) forall x, y € X.

Definition 2.5 [3]. Let (X, G) and (X, G') be G-metric spaces, and
f:(X,G)—> (X, G') be a function. Then f is said to be G-continuous
at a point a € X if and only if for every ¢ > 0, there is & > 0 such that
x,ye X, and G(a, x, y) <& imply G'(fa, fx, fy) <e. A function f is

G-continuous at X if and only if it is G-continuous for all a € X.

Definition 2.6 [25]. Self-mappings f and g of a G-metric space
(X, G) are said to be compatible if lim G(fgx,, gfx,, gfx,) =0 and

n—oo

lim G(gfx,, fex,, fex,) =0, whenever {x,} is a sequence in X such that
n—>0

lim fx, = lim gx, =¢, for some ¢ € X.
n—® n—oo

In 2010, Manro et al. [26] introduced the concept of weakly commuting
mappings, R-weakly commuting mappings in G-metric space as follows:

Definition 2.7 [26]. A pair of self-mappings f, g of a G-metric space is
said to be weakly commuting if

G(fex, gfx, gfx) < G(fx, gx, gx), Vxe X.

Definition 2.8 [26]. A pair of self-mappings f, g of a G-metric space is
said to be R-weakly commuting, if
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G(/fgx, gfx, gfx) < RG(fx, gx, gx), Vxe X,
where R > 0.

Remark 2.1. If R <1, then R-weakly commuting mappings are weakly

commuting.

Remark 2.2. (i) Commuting mappings are weakly commuting mappings
in G-metric spaces, but the reverse is not true (see [27]).

(i1) Weakly commuting mappings are R-weakly commuting mappings in
G-metric spaces, but the reverse is not true (see [27]).

Definition 2.9. Let fand g be self-mappings of a set X. If w = fx = gx

for some x in X, then x is called a coincidence point of fand g.

Definition 2.10 [23]. ¢: [0, +o0) — [0, +o0) is subadditive on each [a, b]
c [0, +o0) if

J: " o(t)dt < Ioa o(t)dt + I (f o(r)dt.

Shatanawi [20] proved the following theorem of G-metric spaces:

Theorem 2.1. Let (X, G) be a G-metric space and f : X — X such
that

G(fx, fr, f2) < §(G(x, y, 2))

for all x, y,ze X, where ¢ is ®-map. Then T has a unique fixed point
(say u) and T is G-continuous at u.

Kaewcharoen [18] proved the following theorem in G-metric spaces:

Theorem 2.2. Let (X, G) be a G-metric space and f,g: X —> X
such that

G(fx, fr, f2) < 0G(gx, gv, gz)

for all x,y,ze X, where a €|0,1). Assume that f(X)c g(X) and
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g(X) is a complete subspace of X. Then f and g have a unique point of
coincidence in X. Moreover, if f and g are weakly compatible, then f and g
have a unique common fixed point.

Aydi [28] gave the version of Kaewcharoen in integral type as follows:
Theorem 2.3. Let (X, G) be a G-metric space and f,g: X —> X
such that

J~ G(fx, f, fz) J- G(gx, g, gz) u(t)dr

t)dt <o
0 u( ) 0
forall x, y € X, where o. € [0, 1) and u : [0, +0) — [0, +0) is a Lebesgue-

integrable mapping which is summable, non-negative and such that for each

g >0, I; u(t)dt > 0.

Assume that f(X)c g(X) and g(X) is a complete subspace of X.
Then f and g have a unique point of coincidence in X. Moreover, if f and g

are weakly compatible, then fand g have a unique common fixed point.

In this paper, we redefine the concepts of Wilson [1] and common (E.A)
property in G-metric spaces. Based on that, we prove common fixed point
theorems for six weakly compatible mappings satisfying the contractive
conditions of integral type in G-metric spaces.

3. Main Results

In the sequel, we need a function ¢ : R, — R, satisfying the condition

1 < ¢(z) < ¢ foreach ¢ > 0.

Definition 3.1. Let (X, G) be a G-metric space, and let {x,} be a

sequence of points of X. Then the two axioms of Wilson in G-metric space
are as follows:
(W.3) Given {x,}, x and y in X, lim G(x,, x,, x)=0 and
n—0

lim G(x,, x,, ¥) =0 imply x = y.

n—®
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(W.4) Given {x,}, {y,} and x in X, lim G(x,, x,, x)=0 and

n—»©

lim G(x,, x,, y,) = 0 imply that

n—oo

lim G(yna Yns x) =0.

n—>
Definition 3.2. Let (X, G) be a G-metric space and 4, B, S, T, g, h :

X — X. The pairs (4, S), (B, T) and (g, h) satisfy the common (E.A)
property if there exist three sequences {x,}, {y,} and {z,} in X such that

lim 4x, = lim Sx, = lim By, = lim Ty, = lim gz,
n—>0 n—o n—oo n—o n—o

= lim hz, =t e X.
n—>0

Now we present an example of the above definition as follows:

Example 3.1. Let X =[0,1] with G(x, y,z)=|x-y|+|y—z|+
|z—x|forall x,y,ze X. Let 4, B, S, T, g, h: X - X be self-maps on
X defined by

5x .
Ax) = 1—?, if x €0, 1/2),
1, if x €[0,1/2),

1-2x, 1if xe€(0,1/2),
S(x)z{ | [0, 1/2)
1 if x €0, 1/2),

o) — {1 SX it xef012),
1, if x €0, 1/2),

3x .
h(x) = I—T, if x [0, 1/2),
1, if x €[0,1/2),

szl—% and Bx =1—x forall x € X.
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Let {x,}, {v,} and {z,} be the sequences defined by x,

1
—> In

1
n+landzn: 5— - Then

n° +1

lim A4x, = lim Sx, = lim By, = lim Ty, = lim gz,
n— n—o n—® n—o n—»0

= lim hz, =1 e X.

n—o
Then the common (E.A) property is satisfied.
Now, we present our main result in the following theorems:

Theorem 3.1. Let (X, G) be a G-metric space which satisfies (W.3). Let
A, B, S, T, h and g be six self-mappings of X such that
(i) A(X)c T(X), B(X)c S(X) and h(X) < g(X),
(i)
_[ G(A4x, By, hz)

. o(t)dt < ‘PU:L()W’Z)+(1_G)M(x’y’2)w(t)dt) (3.1)

forall x,ye X, Y:R, —> R, suchthat 0 <¥(¢t)<t and ¢: R, - R,

is a Lebesgue-integrable mapping which is summable, non-negative and such
that

I: o(t)dt > 0 forall £ > 0, (3.2)

where
L(x, y, z) = max{G(gx, Ty, Sz), G(gx, By, hz), G(By, Ty, Sz)},
M(x, y, z) = [max{G*(gx, Ty, Sz), G(gx, By, hz), G(By, Ty, Sz),

G(gx, Ty, Sz), G(gx, By, hz), G*(By, Ty, S2)}]V2,
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and 0 < a < 1. Suppose that (4, g), (B, T) and (h, S) satisfy the common
(E.A) property and are weakly compatible. If one of the subspaces AX,
gX, BX, TX, SX and hX of X is complete, then A, g, B, T, S and h have a

unique common fixed point in X.
Proof. Since (4, g), (B,T) and (h, S) satisfy the common (E.A)

property, there exist three sequences {x,}, {y,} and {z,} in X such that

lim G(4x,, z, z) = lim G(Sz,, z, z) = lim G(By,, z, z)

n—>0

lim G(Tv,, z, z) = lim G(gx,, z, z)
n—»oo

n—>0

lim G(hz

n—

nr2,2)=0 3.3)

for some z € X.

Now, suppose that gX is a complete subspace of X. Then z = gu for

some u € X.
Consequently, we have

lim G(Ax,, gu, gu)

n—oo

lim G(Sz,, gu, gu) = lim G(By,, gu, gu) = lim G(Tv,, gu, gu)
n—»o0 n—»o0

n—o©

lim G(gx,, gu, gu) = lim G(hz,, gu, gu) = 0. (3.4)
n—>00 n—»0

If Au # z and using (3.1), then we get

aL(”’yns Zn)+(1_a)M(“’yna Zn)

J~ G(Au, By, hz,;)
0

0

o(t)dt < ‘PU (p(t)dtJ

< .[aL(u, yn,zn)+(1—a)M(u, ynazn)

. o(t)dt, (3.5
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where
L(us yp» zp)

= maX{G(gua Tyna SZn)ﬂ G(gua Byn’ th), G(Byna Tyn’ Szn )}5
M(u, vy, 2,) = [max{G*(gu, Ty, Sz,), G(gu, By, hzy ), G(Byy, Ty, Sz, ),

1/2
Glgu, Tyy, Sz,), G(gu, Byy, hz,), G2(Byy, Ty, Sz, M2,

Taking n — oo, we get L(u, y,, z,) =0 and M(x, y, z) = 0, respectively.
Now, (3.5) becomes
G(Au, By,,, gz,,)
lim T o(t)dt = 0,

n—wd0
and (3.2) implies that li_r)lgO G(Au, By,, gz,) =0. By (W.3), we have
n
z = Au = gu.
Since AX < TX, there exists v € X suchthat z = Au = Tv.

If Bv # z, using (3.1), we have

G(z, Bv, gz,) G(Au, Bv, hz,;)
j o(t)dt = J' o(t)dt
0
< \P(j aL(u,v, z, )+(1-a) M (u, v, Zn)(p(t)dtj, (3.6)
0
where

L(u, v, z,)) = max{G(gu, Tv, Sz,)), G(gu, Bv, hz,), G(Bv, Tv, Sz,,)},
M, v, z,) = [maX{Gz(gu, Tv, Sz,,), G(gu, Bv, hz,), G(Bv, Tv, Sz,)),

G(gu, Tv, Sz,,), G(gu, Bv, hz,), GZ(BV, Tv, Sz, )}]1/2,
from which we get L(u, v, z,,) = G(z, Bv, z) and

Mu, v, z,) = [Gz(z, By, z)]l/z,
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respectively. Now (3.6) becomes

JOG(Z,BV,Z)(p(t)dt J-G(Au,Bv,hz”)

o(t)dt

< \I’(J aG(z,Bv,z)+(1-a)G(z, Bv, z)

0

(p(t)dt)

G(z,Bv,z) G(z,Bv,z)
= \P( I . (p(t)dtj < .[o o(t)dt

which is a contradiction. Hence,

J‘G(z, Bv,z)(P(t)dt _o,

and (3.2) implies that lim G(z, Bv, z) =0, i.e., z = Bv = Tv.

n—>0

Since (4, g) is weakly compatible, so Agu = gAu whenever Au = gu

which implies
Az = gz. 3.7
Let us show that z is a common fixed point of 4, g, B, T, S and A.

If z # Az, again using (3.1), we get

G(Az,z,z) G(Az, Bv, hz,)
[/ ea=] o(t)di

< \P(J‘:L(z,v, zp)+(l—a)M(z,v,z,)

(p(l)dtj, (3.8)

where

L(z, v, z,;) = max{G(gz, Tv, Sz,,), G(gz, Bv, hz,), G(Bv, Tv, Sz,)},
M(z, v, z,) = [maX{Gz(gz, Tv, Sz,,), G(gz, Bv, hz,), G(Bv, Tv, Sz,)),

G(gz, Tv, Sz,,), G(gz, Bv, hz,), Gz(Bv, Tv, Sz, )}]1/2,
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from which we get L(z, v, z,,) = G(4z, z, z) and

Mu, v, z,) = [G?(4z, z, Z)]l/z,
respectively. Now (3.8) becomes

G(Az, Bv, hz,,)

o(t)dt = j o(t)dt

J G(Az,z,z)
0 0

< lP(J-:G(Az, z,z)+(1-a)G(4z,z,z)

(p(t)dtj

G(Az,z,z) G(Az,z,z)
= ‘PUO (p(t)dt) < Jo o(t)dt

which is a contradiction. Therefore,

j G(Az,z,z)

t)dt = 0,
. o(?)

and (3.2) implies that G(4z, z, z) = 0, i.e., z = Az = gz.

Similarly, the weak compatibility of B and T implies BTv = TBv, i.e.,
Bz =Tz If z # Bz, by using (3.1) and (3.2), a similar calculation to the
above yields z = Bz = Tz. Thus, z is a common fixed point of 4, g, B, T, S
and A.

When 7X is assumed to be a complete subspace of X, then the proof is
similar. On the other hand, the cases in which 4X or BX and SX or AX is a
complete subspace of X are similar to the cases in which TX or gX is
complete, respectively, by (3.1).

For the uniqueness of the common fixed point z, let w # z be another

common fixed point of 4, g, B, T, S and A. Then, using (3.1), we obtain

w, Bz, hz
J-G(A B )(p(t)dt

[

< lP(J-:L(w, z,z)+(1-a)M(w,z,z)

<p<z>dzj,
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\{’(J. aG(w,z,z)+(1-a)G(w,z,z)
0

(p(t)dtj

G(w,z,z2) G(w,z,z)
= \P( I . (p(t)dtj < Jo o(t)dt

G(w,z,z)

0 ¢(¢)dt = 0, and (3.2) implies

which is a contradiction. Therefore, _[
that z = w.

For ¢(z) =1 in Theorem 3.1, we obtain the following corollary:

Corollary 3.1. Let (X, G) be a G-metric space which satisfies (W.3).
Let A, B, S, T, h and g be six self-mappings of X such that

() AX) = T(X), B(X) < S(X) and h(X) < g(X),
(il) G(A4x, By, hz) < Y¥(aL(x, y, z)+ (1 —a)M(x, y, z))
forall x, y € X, where
L(x, y, z) = max{G(gx, Ty, Sz), G(gx, By, hz), G(By, Ty, Sz)},
M(x, y, z)= [max{Gz(gx, Ty, Sz), G(gx, By, hz), G(By, Ty, Sz),

Glgr, Ty, 2), G(gx, By, he), G*(By, Ty, s=)]/2,

and 0 < a < 1. Suppose that (A4, g), (B, T) and (h, S) satisfy the common
(E.A) property and are weakly compatible. If one of the subspaces AX, gX,
BX, TX, SX and hX of X is complete, then A, g, B, T, S and h have a unique
common fixed point in X.

If we take A(X)=B(X)=h(X) and T(X) = S(X) = g(X) in Theorem
3.1, then we get the following corollary:

Corollary 3.2. Let (X, G) be a G-metric space which satisfies (W.3).
Let A and B be self-mappings of X such that
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(i) A(X) = T(X),
(ii)
al(x, y,z)+(1-a) M (x, , z)

J~ G(4x, Ay, Az)
0

0

olt)dt < \PU @(t)dyJ

for all x,ye X, where ¢ : R, —> R, is a Lebesgue-integrable mapping

which is summable, non-negative and such that
€
jo o(6)dt > 0 forall & > 0,

where

L(x, y, z) = max{G(Tx, Ty, Tz), G(Tx, Ay, Az), G(Ay, Ty, Tz)},
M(x, y, z) = [max(G*(Tx, Ty, Tz), G(Tx, Ay, Az), G(Ay, Ty, Tz),

G(Tx, Ty, Tz), G(Tx, Ay, Az), Gz(Ay, Ty, TZ)}]I/Z,

and 0 < a <1. Suppose that (A, T) satisfies the common (E.A) property

and is weakly compatible. If one of the subspaces AX or TX of X is complete,
then A and T have a unique common fixed point in X.

For ¢(¢) =1 in Corollary 3.2, we obtain the following corollary:

Corollary 3.3. Let (X, G) be a G-metric space which satisfies (W.3).
Let A and B be self-mappings of X such that

(i) A(X) = T(X),
(il) G(Ax, Ay, Az) < ¥(aL(x, y, z)+(1—a)M(x, y, z))
forall x, y € X, where
L(x, y, z) = max{G(Tx, Ty, Tz), G(Tx, Ay, Az), G(Ay, Ty, Tz)},
M(x, y, z) = [max(Gz(Tx, Ty, Tz), G(Tx, Ay, Az), G(Ay, Ty, Tz),

G(Tx, Ty, Tz), G(Tx, Ay, Az), G2(Ay, Ty, T2)}]/2,
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and 0 < a <1. Suppose that (A, T) satisfies the common (E.A) property
and is weakly compatible. If one of the subspaces AX or TX of X is complete,
then A and T have a unique common fixed point in X.

Remark 3.1. (i) If we take a =1, L(x, y, z) = G(Tx, Ty, Tz) and
W¥(¢) = a(t) in Corollary 3.2, then we have (Theorem 2.2 in [26]).

(i) If we take a =1, L(x, y, z) = G(Tx, Ty, Tz) and ¥(¢) = a(f) in
Corollary 3.3, then we have (Theorem 2.1 in [28]).

Now, we give an example to support Corollary 3.1.

Example 3.2. Let X =[0, ©), G(x, y,z)=|x—y|+|y—z|+|z—x]
forall x,y,ze X. Let 4,B,S,T, g, h: X — X be defined by Ax = x/8,
Bx = x/16, Tx = x/2, Sx = x/4, hx = x/32, gx = x. Clearly, we can get
AX)cT(X), B(X)c S(X) and A(X)c g(X), also, (4, g), (B, T)
and (h, S) satisfy the common (E.A) property as

lim 4x, = lim gx, = lim By, = lim Ty, = lim Sz,
n—>0 n—oo n—»0 n—®0 n—o

lim hz, =0e X,

n—oo

1
n3+1

if {x,}, {y,} and {z,} are the sequences defined by x, = Lz’ Yy =
n

and z, = , and are weakly compatible.

n4+1

If we take W(t)=1/2, x=0, y =1 and z = 2, then we have ¥(¢) =
t/2 < t for each ¢ > 0, and

G(Ax, By, hz) = G(x/8, v/16, z/32) = % (3.9)
L(x, y,z)=1and M(x, y, z) =1,

Ballr, . 2)+ (- OM(x, 3, 2) =) =2, (.10)
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from (3.9) and (3.10), we get the inequality of Corollary 3.1 is satisfied, so
that all the conditions of Corollary 3.1 are satisfied. Moreover, 0 is the
unique common fixed point for all the mappings 4, B, S, T, g and 4.

Theorem 3.2. Let (X, G) be a complete G-metric space and f, g, S, T, h
and R be six self-mappings of X such that

(i) f(X) c g(X), h(X) < S(X) and R(X) c T(X),

(i1) one of the six mappings is continuous,
(iii) the pairs (f, g), (h, S) and (R, T) are weakly compatible,
(iv)

G x,h , G an s 1Z
J (f yRZ)(P(t)dtSaI (/s yT)(p(t)dt
0 0
x, hy, Tz X, Oy, 2
+BJG(g yT)@(t)dt+yJOG(g SyR)(p(t)dt, G.11)

forevery x, y,ze X, 0<a+3B+3y<1 and ¢: R, —> R, is a Lebesgue-
integrable mapping which is summable and subadditive subset of R, non-

negative and such that
€
Io o(t)dt > 0 forall € > 0.

Then f, g, S, T, h and R have a unique common fixed point in X.

Proof. Let xy be an arbitrary point in X. From (i), there exist xj, x5, x3
€ X such that fxy = gx, hx; = Sxy, Rxy = Tx3. By induction, there exist
sequences {x,} and {y,} in X such that

Vin+l = F3n = 8%3n+1s Vin+2 = hX3y41 = S%3,42
and y3,43 = Rxzpp0 = Tazpes, n=0,1,2, .. (3.12)

If y3p41 = V3n42, then hx = gx, x = x3,4).
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If y3,42 = Y343, then Rx = sx, x = x3,15.
If ¥3,41 = V3, then Tx = fx, x = x3,,.
If y,.1 # y,, then from (3.11) and using (3.12), we get

J' G(¥3ns V3n+1> V3n+1)

. o(t)dt

G n—1,hx3,,, Rx3;,
:J' (fi3p-1. hx3p, Rxs )(p(t)dt

0

G(gv3-1, X3, T3

G(f n—155x3,, Tx3,
£ocJ. (f3p-1 830, Tx3,,) 0 )(p(t)dt

. o(t)dt + B I

G(gx3,-1, Sx35,> Rx3,,)
+yj‘0 3n—1 3n 3n ([)([)dl
G(¥3n-1>Y3n+1> V3n

J‘G(yan,nn,yan)
=
0

)
. o(t)dt

o(t)dt + BJ.

s yj' G(¥3n-1Y3n> Y3n+1) o(0)dr

0

J‘ G(¥3n-1>Y3n> Y3n+1)

=B+7y) . o(t)dt, (3.13)

from the rectangular inequality, we have
G(V3n-1> Y3ns Y3n+1) < G(Van-1s Y3ns Y3n) + G(Vans Yans Yan+1)

< G(V3n-15 Y3n> ¥30) + 2G(305 V3nsts V3ns1)> (3.14)
from (3.13) and using (3.14), we obtain

J‘G(y3n’y3n+1’y3n+1) B +y IG(y3nlay3n’y3n)

t)dt < t)dt,
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that is,

J'G(y3n=y3n+1=y3n+1)q)(t)dt < r.[ G(y3n—1>y3n=y3n)(p(t)dt’

0 0
__B+y

where r = T=2p -2y <1.

By induction, one can write that
GV Yn+1> Yn+1) G(y0, y1- 1)
J'O n>Vn+1>Vn+l (p(t)dt < rnJ'O 0>V1> )1 (p(l‘)dl‘

Therefore, for all n, m € N, n < m, we get by rectangular inequality and

properties of ¢ that

G(ynaymyym) G(ynsyn > Vn ) G(yn > Yn+1>Vn )
Jo o(t)dt sj e (p(t)dt+J.0 Tl S o(t)dt
G(ym— aymaym)
ot Io 1 o(t)dt

1 [ Gos )
<@+ I)J. o(r)dt,
0
taking the limit as n, m — o, we have

lim

J‘ G(Yn> Yms Ym
n—oo

)
o(t)dt =0 or lim G(y,, v, V) = 0, from (3.2).

n—>0

Thus, {y,} is a G-Cauchy sequence in X. So it is convergent. Let its limit be

z, 1.€.,

lim y3,.p = lim fr3, = lim gx3, ) = z,
n—»0 n—>0 n—»

hm y3l’l+2 = hm h.X'3n+1 = hm SX3H+2 =z,
n—»o00 n—o0 n—»oo

lim y3,,3 = lim Rxy,,p = lim Tx3, 3 =z
n—>0 n—»0 n—»0
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= lim fx3, = lim gx3,, = lim hx3,
n—0 n—>0 n—>0

n—o0

If g is continuous, then

n—®

Further, f'and g are weakly compatible, therefore

lim G(fgxna gfxm gfxn) =0

n—»o0
implies

lim fgx, = gz.

n—>®

If z # gz, then from (3.11), we get

J'OG(fgxn_1,hgx,,,Rx,,)(p(t)dt . OLJ-OG(fgxn—l,an,Txn)(P(t)dt
e ot
o S oy
as n — oo, and using (3.15), (3.16), we have
J~OG(gz, z,2) o)l < (0 4B+ y)J-OG(gZ, z,2) o(t)dt

which is a contradiction (since o + 3 + v < 1), therefore

J. OG(gZ’ >2) o(t)dt = 0,

from (3.2), we have G(gz, z, z) =0 or gz = z.

lim S)C3n+2 = lim RX3,H_2 = lim TX3n+3 = Z.
n— n—0

lim ggxs,.; = lim ghxs,,; = gz (we denote x3, — x,,).
n—®

(3.15)

(3.16)
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Again, if z # fz, then from (3.11), we get

G(fz, hxy, Rx, G(fz, Sx,, ITx,
J (5 )(p(t)dtSocj (5 8 x)(p(t)dt
0 0
G(gz, hx,,, Txy,) G(gz, Sx,, Rx;)
+Bf o)t + [ olt)d,

taking the limit as n — o, and using (3.15), (3.16), we have

J~G(fz, z,7) JAG(fz,z,z) o0\t

H)dt £ a
. o(?) .

which is a contradiction, therefore IOG(gZ’ %) o(t)dt = 0, from (3.2), we
have G(fz, z,z)=0 or fz =z
=>gz=fz=z (3.17)

By the same way, if we take % or S is continuous and the pair (4, S) is

weakly compatible, then
hv = Sv = . (3.18)

Also, if we take T or R is continuous and the pair (7, R) is weakly

compatible, therefore
Tuw = Ru =L (3.19)

If z # v # y, then from (3.11), we get

G(fz,hv, Ru
0

J. OG(Z’ ") o(t)dt

J‘ G(fz, v, Tn)

o(r)dt = J. )(p(t)dt <a .

G(gz, hv,
Lpf o),

G(gz, Sv, Rp)
o(t)dt +v J .

by using (3.18) and (3.19), we have

G(z,v, 1)

9(1)dr < (@ +B+7)] o(1)dt,

G(z,v,p)
o :
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we have a contradiction again, then from (3.2), G(z, v, u) =0 or z = v =,

1.e.,
hz=8Sz=gz=fz=Tz=Rz =1z

Uniqueness follows easily from (3.11).

Therefore, f, g, S, T, h and R have a unique common fixed point in X.
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