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Abstract 

In this paper, we prove common fixed point theorems for six weakly 
compatible mappings satisfying the contractive conditions in the 
setting of generalized metric spaces satisfying an integral type and the 
common (E.A) property. Also, we redefine the concept of Wilson [1] 
and common (E.A) property in G-metric spaces. Our results generalize 
some well-known results in the literature. 
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1. Introduction 

The fixed point theorems in metric spaces are playing a major role to 
construct methods in mathematics to solve problems in applied mathematics 
and science. So the attraction of metric spaces to a large number of 
mathematicians is understandable. Some generalizations of the notation of a 
metric space have been proposed by some authors. In 1986, Jungck [2] 
proved a common fixed point theorem for commuting maps generalizing         
the Banach’s fixed point theorem. This result was further generalized           
and extended in various ways by many others. Sessa [24] defined weak 
commutativity, also Jungck [2] introduced more generalized commutativity, 
so-called compatibility, which is more general than that of weak 
commutativity. Mustafa and Sims [3] generalized the concept of a metric 
space. Based on the notion of generalized metric spaces, Mustafa et al. [4-8] 
obtained some fixed point theorems for mappings satisfying different 
contractive conditions. For other results, we refer to [9-22]. Abbas and 
Rhoades [11] obtained some common fixed point theorems for non- 
commuting maps satisfying different contractive conditions in the setting of 
generalized metric space. Recently, Kaewcharoen [18] proved the existence 
and uniqueness of common fixed point theorems of a pair of weakly 
compatible mappings satisfying Φ-maps in generalized metric spaces, see 
also a recent paper of Shatanawi [22]. Commuting, weakly commuting, 
compatible mappings have been frequently used to prove existence theorems 
in common fixed point theory. Recall that, Jungck and Rhoades [23] defined 
S and T to be weakly compatible if they commute at there coincidence points 
i.e., if TuSu =  for some ,Xu ∈  then .TSuSTu =  

Many examples in the literature illustrate that commuting implies weakly 
commuting implies compatible implies weakly compatible maps, but the 
converse need not be true (see [2] and [24]). 

The following two axioms appeared in Wilson [1] for a symmetric space 
( )., dX  
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(W.3) Given { },nx  x and y in ( ) 0,lim, =
∞→

xxdX n
n

 and ( )yxd n
n

,lim
∞→

 

0=  imply .yx =  

(W.4) Given { },nx  { }ny  and x in X, ( ) 0,lim =
∞→

xxd n
n

 and 

( ) 0,lim =
∞→

nn
n

yxd  imply that 

( ) .0,lim =
∞→

xyd n
n

 

Aamri and Moutawakil [29] defined the property (E.A) and established 
some common fixed point theorems under strict contractive conditions on a 
metric space for mappings satisfying the property (E.A). Again recall that the 
pair ( )TS ,  satisfies the property (E.A) if there exists a sequence { }nx  in X 

such that 

.someforlimlim XttTxSx n
n

n
n

∈==
∞→∞→

 

Most recently, Liu et al. [30] defined a common (E.A) property for a pair 
of mappings as follows: 

Definition 1.1. Let .:,,, XXTSBA →  The pairs ( )SA,  and ( )TB,  

satisfy the common (E.A) property if there exist two sequences { }nx  and 

{ }ny  in X such that 

.limlimlimlim XtTyBySxAx n
n

n
n

n
n

n
n

∈====
∞→∞→∞→∞→

 

Remark 1.1. If AB =  and TS =  in the above, then we obtain the 
definition of the property (E.A). 

2. Basic Concepts 

In this section, we present the necessary definitions and theorems in      
G-metric spaces. 

Definition 2.1 [3]. Let X be a non-empty set, [ )∞+→×× ,0: XXXG  

be a function satisfying the following axioms: 
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(G1) ( ) 0,, =zyxG  if ;zyx ==  

(G2) ( )yxxG ,,0 <  for all Xyx ∈,  with ;yx ≠  

(G3) ( ) ( )zyxGyxxG ,,,, ≤  for all Xzyx ∈,,  with ;zy ≠  

(G4) ( ) ( ) ( ) === xzyGyzxGzyxG ,,,,,,  (symmetry in all three 

variables); 

(G5) ( ) ( ) ( )zyaGaaxGzyxG ,,,,,, +≤  for all Xazyx ∈,,,  (rectangle 

inequality). 

Then the function G is called a generalized metric, or, more specially, a       
G-metric on X, and the pair ( )GX ,  is called a G-metric space. 

If condition (G6) also satisfied, then ( )GX ,  is called symmetric G-metric 

space. 

(G6) ( ) ( )yxxGyyxG ,,,, ≤  for all x, y in X. 

Definition 2.2 [3]. Let ( )GX ,  be a G-metric space, and let ( )nx  be a 

sequence of points of X. We say that the sequence ( )nx  is G-convergent to 

Xx ∈  if ( ) ,0,,lim
,

=
+∞→

mn
mn

xxxG  that is, for any ,0>ε  there exists a 

positive integer N such that ( ) ε<mn xxxG ,,  for all ., Nmn ≥  We call x 

the limit of the sequence and write xxn →  or .lim xxn
n

=
+∞→

 

Proposition 2.1 [3]. Let ( )GX ,  be a G-metric space. Then the following 

are equivalent: 

(1) ( )nx  is G-convergent to x; 

(2) ( ) 0,, →xxxG nn  as ;+∞→n  

(3) ( ) 0,, →xxxG n  as ;+∞→n  

(4) ( ) 0,, →xxxG mn  as ., +∞→mn  

Definition 2.3 [3]. Let ( )GX ,  be a G-metric space. A sequence ( )nx      

is called a G-Cauchy sequence if, for any ,0>ε  there is N such that 
( ) ε<lmn xxxG ,,  for all ,, Nnm ≥  that is, ( ) 0,, →lmn xxxG  as ., +∞→mn  
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Proposition 2.2 [3]. Let ( )GX ,  be a G-metric space. Then the following 

are equivalent: 

(1) the sequence ( )nx  is G-Cauchy; 

(2) for any ,0>ε  there exists N such that ( ) ε<mmn xxxG ,,  for all 
., Nnm ≥  

Definition 2.4 [3]. A G-metric space ( )GX ,  is called G-complete if 

every G-Cauchy sequence is G-convergent in ( )., GX  

Every G-metric ( )GX ,  defines a metric ( )GdX ,  by 

( ) ( ) ( )xxyGyyxGyxdG ,,,,, +=  for all ., Xyx ∈  

Definition 2.5 [3]. Let ( )GX ,  and ( )GX ′,  be G-metric spaces, and 

( ) ( )GXGXf ′→ ,,:  be a function. Then f is said to be G-continuous        

at a point Xa ∈  if and only if for every ,0>ε  there is 0>δ  such that 
,, Xyx ∈  and ( ) δ<yxaG ,,  imply ( ) .,, ε<′ fyfxfaG  A function f is    

G-continuous at X if and only if it is G-continuous for all .Xa ∈  

Definition 2.6 [25]. Self-mappings f and g of a G-metric space      
( )GX ,  are said to be compatible if ( ) 0,,lim =

∞→
nnn

n
gfxgfxfgxG  and 

( ) ,0,,lim =
∞→

nnn
n

fgxfgxgfxG  whenever { }nx  is a sequence in X such that 

,limlim tgxfx n
n

n
n

==
∞→∞→

 for some .Xt ∈  

In 2010, Manro et al. [26] introduced the concept of weakly commuting 
mappings, R-weakly commuting mappings in G-metric space as follows: 

Definition 2.7 [26]. A pair of self-mappings f, g of a G-metric space is 
said to be weakly commuting if 

( ) ( ) .,,,,, XxgxgxfxGgfxgfxfgxG ∈∀≤  

Definition 2.8 [26]. A pair of self-mappings f, g of a G-metric space is 
said to be R-weakly commuting, if 
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( ) ( ) ,,,,,, XxgxgxfxRGgfxgfxfgxG ∈∀≤  

where .0>R  

Remark 2.1. If ,1≤R  then R-weakly commuting mappings are weakly 
commuting. 

Remark 2.2. (i) Commuting mappings are weakly commuting mappings 
in G-metric spaces, but the reverse is not true (see [27]). 

(ii) Weakly commuting mappings are R-weakly commuting mappings in 
G-metric spaces, but the reverse is not true (see [27]). 

Definition 2.9. Let f and g be self-mappings of a set X. If gxfxw ==  

for some x in X, then x is called a coincidence point of f and g. 

Definition 2.10 [23]. [ ) [ )∞+→∞+ϕ ,0,0:  is subadditive on each [ ]ba,  

[ )∞+⊂ ,0  if 

( ) ( ) ( )∫∫∫ ϕ+ϕ≤ϕ
+ baba

dttdttdtt
000

.  

Shatanawi [20] proved the following theorem of G-metric spaces: 

Theorem 2.1. Let ( )GX ,  be a G-metric space and XXf →:  such 

that 

( ) ( )( )zyxGfzfyfxG ,,,, φ≤  

for all ,,, Xzyx ∈  where φ is Φ-map. Then T has a unique fixed point   

(say u) and T is G-continuous at u. 

Kaewcharoen [18] proved the following theorem in G-metric spaces: 

Theorem 2.2. Let ( )GX ,  be a G-metric space and XXgf →:,  

such that 

( ) ( )gzgygxGfzfyfxG ,,,, α≤  

for all ,,, Xzyx ∈  where [ ).1,0∈α  Assume that ( ) ( )XgXf ⊂  and 
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( )Xg  is a complete subspace of X. Then f and g have a unique point of 

coincidence in X. Moreover, if f and g are weakly compatible, then f and g 
have a unique common fixed point. 

Aydi [28] gave the version of Kaewcharoen in integral type as follows: 

Theorem 2.3. Let ( )GX ,  be a G-metric space and XXgf →:,  

such that 

( ) ( )
( )( )

∫ ∫α≤
fzfyfxG gzgygxG

dttudttu
,,

0

,,

0
 

for all ,, Xyx ∈  where [ )1,0∈α  and [ ) [ )∞+→∞+ ,0,0:u  is a Lebesgue- 

integrable mapping which is summable, non-negative and such that for each 

,0>ε  ( )∫
ε

>
0

.0dttu  

Assume that ( ) ( )XgXf ⊂  and ( )Xg  is a complete subspace of X. 

Then f and g have a unique point of coincidence in X. Moreover, if f and g 
are weakly compatible, then f and g have a unique common fixed point. 

In this paper, we redefine the concepts of Wilson [1] and common (E.A) 
property in G-metric spaces. Based on that, we prove common fixed point 
theorems for six weakly compatible mappings satisfying the contractive 
conditions of integral type in G-metric spaces. 

3. Main Results 

In the sequel, we need a function ++ →φ RR:  satisfying the condition 

( ) tt <φ<1  for each .0>t  

Definition 3.1. Let ( )GX ,  be a G-metric space, and let { }nx  be a 

sequence of points of X. Then the two axioms of Wilson in G-metric space 
are as follows: 

(W.3) Given { },nx  x and y in X, ( ) 0,,lim =
∞→

xxxG nn
n

 and 

( ) 0,,lim =
∞→

yxxG nn
n

 imply .yx =  
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(W.4) Given { },nx  { }ny  and x in X, ( ) 0,,lim =
∞→

xxxG nn
n

 and 

( ) 0,,lim =
∞→

nnn
n

yxxG  imply that 

( ) .0,,lim =
∞→

xyyG nn
n

 

Definition 3.2. Let ( )GX ,  be a G-metric space and :,,,,, hgTSBA  

.XX →  The pairs ( ),, SA  ( )TB,  and ( )hg,  satisfy the common ( )E.A  

property if there exist three sequences { } { }nn yx ,  and { }nz  in X such that 

n
n

n
n

n
n

n
n

n
n

gzTyBySxAx
∞→∞→∞→∞→∞→

==== limlimlimlimlim  

.lim Xthzn
n

∈==
∞→

 

Now we present an example of the above definition as follows: 

Example 3.1. Let [ ]1,0=X  with ( ) +−+−= zyyxzyxG ,,  

xz −  for all .,, Xzyx ∈  Let XXhgTSBA →:,,,,,  be self-maps on 

X defined by 

( ) [ )

[ )





∈

∈−=
,21,0if,1

,21,0if,8
51

x

xx
xA  

( )
[ )

[ )



∈

∈−
=

,21,0if,1

,21,0if,21

x

xx
xS  

( ) [ )

[ )





∈

∈−=
,21,0if,1

,21,0if,31

x

xx
xg  

( ) [ )

[ )





∈

∈−=
,21,0if,1

,21,0if,4
31

x

xx
xh  

3
21 xTx −=  and xBx −= 1  for all .Xx ∈  
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Let { },nx  { }ny  and { }nz  be the sequences defined by ,1
nxn =  =ny  

1
1
+n  and .

1
1

2 +
=

n
zn  Then 

n
n

n
n

n
n

n
n

n
n

gzTyBySxAx
∞→∞→∞→∞→∞→

==== limlimlimlimlim  

.1lim Xhzn
n

∈==
∞→

 

Then the common (E.A) property is satisfied. 

Now, we present our main result in the following theorems: 

Theorem 3.1. Let ( )GX ,  be a G-metric space which satisfies (W.3). Let 

hTSBA ,,,,  and g be six self-mappings of X such that 

 (i) ( ) ( ),XTXA ⊂  ( ) ( )XSXB ⊂  and ( ) ( ),XgXh ⊂  

(ii) 

( ) ( )
( ) ( ) ( )( )

∫ ∫ 





 ϕΨ≤ϕ

−+hzByAxG zyxMazyxaL
dttdtt

,,

0

,,1,,

0
 (3.1) 

for all ,, Xyx ∈  ++ →Ψ RR:  such that ( ) tt <Ψ<0  and ++ →ϕ RR:  

is a Lebesgue-integrable mapping which is summable, non-negative and such 
that 

 ( )∫
ε

>ϕ
0

0dtt  for all ,0>ε  (3.2) 

where 

( ) ( ) ( ) ( ){ },,,,,,,,,max,, SzTyByGhzBygxGSzTygxGzyxL =  

( ) [ { ( ) ( ) ( ),,,,,,,,,max,, 2 SzTyByGhzBygxGSzTygxGzyxM =  

( ) ( ) ( )}] ,,,,,,,,, 212 SzTyByGhzBygxGSzTygxG  
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and .10 ≤≤ a  Suppose that ( ),, gA  ( )TB,  and ( )Sh,  satisfy the common 

( )AE.  property and are weakly compatible. If one of the subspaces ,AX  

SXTXBXgX ,,,  and hX of X is complete, then STBgA ,,,,  and h have a 

unique common fixed point in X. 

Proof. Since ( ),, gA  ( )TB,  and ( )Sh,  satisfy the common ( )E.A  

property, there exist three sequences { } { }nn yx ,  and { }nz  in X such that 

( ) ( ) ( )zzByGzzSzGzzAxG n
n

n
n

n
n

,,lim,,lim,,lim
∞→∞→∞→

==  

( ) ( )zzgxGzzTyG n
n

n
n

,,lim,,lim
∞→∞→

==  

( ) 0,,lim ==
∞→

zzhzG n
n

 (3.3) 

for some .Xz ∈  

Now, suppose that gX is a complete subspace of X. Then guz =  for 

some .Xu ∈  

Consequently, we have 

( )guguAxG n
n

,,lim
∞→

 

( ) ( ) ( )guguTyGguguByGguguSzG n
n

n
n

n
n

,,lim,,lim,,lim
∞→∞→∞→

===  

( ) ( ) .0,,lim,,lim ===
∞→∞→

guguhzGgugugxG n
n

n
n

 (3.4) 

If zAu ≠  and using (3.1), then we get 

( ) ( )
( ) ( ) ( )( )

∫ ∫ 





 ϕΨ≤ϕ

−+nn nnnnhzByAuG zyuMazyuaL
dttdtt

,,

0

,,1,,

0
 

( )
( ) ( ) ( )

∫
−+

ϕ<
nnnn zyuMazyuaL

dtt
,,1,,

0
,  (3.5) 
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where 

( )nn zyuL ,,  

( ) ( ) ( ){ },,,,,,,,,max nnnnnnn SzTyByGhzByguGSzTyguG=  

( ) [ { ( ) ( ) ( ),,,,,,,,,max,, 2
nnnnnnnnn SzTyByGhzByguGSzTyguGzyuM =  

( ) ( ) ( )}] .,,,,,,,, 212
nnnnnnn SzTyByGhzByguGSzTyguG

 

Taking ,∞→n  we get ( ) 0,, =nn zyuL  and ( ) ,0,, =zyxM  respectively. 

Now, (3.5) becomes 

( )
( )

∫ =ϕ
∞→

nn gzByAuG

n
dtt

,,

0
,0lim  

and (3.2) implies that ( ) .0,,lim =
∞→

nn
n

gzByAuG  By (W.3), we have 

.guAuz ==  

Since ,TXAX ⊂  there exists Xv ∈  such that .TvAuz ==  

If ,zBv ≠  using (3.1), we have 

( ) ( )
( )( )

∫ ∫ ϕ=ϕ
n ngzBvzG hzBvAuG

dttdtt
,,

0

,,

0
 

( )
( ) ( ) ( )

,
,,1,,

0






 ϕΨ≤ ∫

−+ nn zvuMazvuaL
dtt  (3.6) 

where 

( ) ( ) ( ) ( ){ },,,,,,,,,max,, nnnn SzTvBvGhzBvguGSzTvguGzvuL =  

( ) [ { ( ) ( ) ( ),,,,,,,,,max,, 2
nnnn SzTvBvGhzBvguGSzTvguGzvuM =  

( ) ( ) ( )}] ,,,,,,,,, 212
nnn SzTvBvGhzBvguGSzTvguG  

from which we get ( ) ( )zBvzGzvuL n ,,,, =  and 

( ) [ ( )] ,,,,, 212 zBvzGzvuM n =  
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respectively. Now (3.6) becomes 

( ) ( )
( )( )

∫ ∫ ϕ=ϕ
zBvzG hzBvAuG n dttdtt

,,

0

,,

0
 

( )
( ) ( ) ( )







 ϕΨ≤ ∫

−+ zBvzGazBvzaG
dtt

,,1,,

0
 

( )
( )

( )
( )

∫∫ ϕ<





 ϕΨ=

zBvzGzBvzG
dttdtt

,,

0

,,

0
 

which is a contradiction. Hence, 

( )
( )

∫ =ϕ
zBvzG

dtt
,,

0
,0  

and (3.2) implies that ( ) ,0,,lim =
∞→

zBvzG
n

 i.e., .TvBvz ==  

Since ( )gA,  is weakly compatible, so gAuAgu =  whenever guAu =  

which implies 

.gzAz =  (3.7) 

Let us show that z is a common fixed point of STBgA ,,,,  and h. 

If ,Azz ≠  again using (3.1), we get 

( ) ( )
( )( )

∫ ∫ ϕ=ϕ
zzAzG hzBvAzG n dttdtt

,,

0

,,

0
 

( )
( ) ( ) ( )

,
,,1,,

0






 ϕΨ≤ ∫

−+ nn zvzMazvzaL
dtt  (3.8) 

where 

( ) ( ) ( ) ( ){ },,,,,,,,,max,, nnnn SzTvBvGhzBvgzGSzTvgzGzvzL =  

( ) [ { ( ) ( ) ( ),,,,,,,,,max,, 2
nnnn SzTvBvGhzBvgzGSzTvgzGzvzM =  

( ) ( ) ( )}] ,,,,,,,,, 212
nnn SzTvBvGhzBvgzGSzTvgzG  
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from which we get ( ) ( )zzAzGzvzL n ,,,, =  and 

( ) [ ( )] ,,,,, 212 zzAzGzvuM n =  

respectively. Now (3.8) becomes 

( ) ( )
( )( )

∫ ∫ ϕ=ϕ
zzAzG hzBvAzG n dttdtt

,,

0

,,

0
 

( )
( ) ( ) ( )







 ϕΨ≤ ∫

−+ zzAzGazzAzaG
dtt

,,1,,

0
 

( )
( )

( )
( )

∫∫ ϕ<





 ϕΨ=

zzAzGzzAzG
dttdtt

,,

0

,,

0
 

which is a contradiction. Therefore, 

( )
( )

∫ =ϕ
zzAzG

dtt
,,

0
,0  

and (3.2) implies that ( ) ,0,, =zzAzG  i.e., .gzAzz ==  

Similarly, the weak compatibility of B and T implies ,TBvBTv =  i.e., 
.TzBz =  If ,Bzz ≠  by using (3.1) and (3.2), a similar calculation to the 

above yields .TzBzz ==  Thus, z is a common fixed point of STBgA ,,,,  

and h. 

When TX is assumed to be a complete subspace of X, then the proof is 
similar. On the other hand, the cases in which AX or BX and SX or hX is a 
complete subspace of X are similar to the cases in which TX or gX is 
complete, respectively, by (3.1). 

For the uniqueness of the common fixed point z, let zw ≠  be another 
common fixed point of STBgA ,,,,  and h. Then, using (3.1), we obtain 

( ) ( )
( )( )

∫ ∫ ϕ=ϕ
zzwG hzBzAwG

dttdtt
,,

0

,,

0
 

( )
( ) ( ) ( )

,
,,1,,

0






 ϕΨ≤ ∫

−+ zzwMazzwaL
dtt  
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( )
( ) ( ) ( )







 ϕΨ ∫

−+ zzwGazzwaG
dtt

,,1,,

0
 

( )
( )

( )
( )

∫∫ ϕ<





 ϕΨ=

zzwGzzwG
dttdtt

,,

0

,,

0
 

which is a contradiction. Therefore, ( )( )
∫ =ϕ

zzwG
dtt

,,
0

,0  and (3.2) implies 

that .wz =  

For ( ) 1=ϕ t  in Theorem 3.1, we obtain the following corollary: 

Corollary 3.1. Let ( )GX ,  be a G-metric space which satisfies (W.3). 

Let hTSBA ,,,,  and g be six self-mappings of X such that 

 (i) ( ) ( ),XTXA ⊂  ( ) ( )XSXB ⊂  and ( ) ( ),XgXh ⊂  

(ii) ( ) ( ) ( ) ( )( )zyxMazyxaLhzByAxG ,,1,,,, −+Ψ≤  

for all ,, Xyx ∈  where 

( ) ( ) ( ) ( ){ },,,,,,,,,max,, SzTyByGhzBygxGSzTygxGzyxL =  

( ) [ { ( ) ( ) ( ),,,,,,,,,max,, 2 SzTyByGhzBygxGSzTygxGzyxM =  

( ) ( ) ( )}] ,,,,,,,,, 212 SzTyByGhzBygxGSzTygxG  

and .10 ≤≤ a  Suppose that ( ) ( )TBgA ,,,  and ( )Sh,  satisfy the common 

(E.A) property and are weakly compatible. If one of the subspaces AX, gX, 
BX, TX, SX and hX of X is complete, then A, g, B, T, S and h have a unique 
common fixed point in X. 

If we take ( ) ( ) ( )XhXBXA ==  and ( ) ( ) ( )XgXSXT ==  in Theorem 

3.1, then we get the following corollary: 

Corollary 3.2. Let ( )GX ,  be a G-metric space which satisfies (W.3). 

Let A and B be self-mappings of X such that 
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 (i) ( ) ( ),XTXA ⊂  

(ii) 

( ) ( )
( ) ( ) ( )( )

∫ ∫ 





 ϕΨ≤ϕ

−+AzAyAxG zyxMazyxaL
dytdtt

,,

0

,,1,,

0
 

for all ,, Xyx ∈  where ++ →ϕ RR:  is a Lebesgue-integrable mapping 

which is summable, non-negative and such that 

( )∫
ε

>ϕ
0

0dtt  for all ,0>ε  

where 

( ) ( ) ( ) ( ){ },,,,,,,,,max,, TzTyAyGAzAyTxGTzTyTxGzyxL =  

( ) [ ( ( ) ( ) ( ),,,,,,,,,max,, 2 TzTyAyGAzAyTxGTzTyTxGzyxM =  

( ) ( ) ( )}] ,,,,,,,,, 212 TzTyAyGAzAyTxGTzTyTxG  

and .10 ≤≤ a  Suppose that ( )TA,  satisfies the common ( )AE.  property 

and is weakly compatible. If one of the subspaces AX or TX of X is complete, 
then A and T have a unique common fixed point in X. 

For ( ) 1=ϕ t  in Corollary 3.2, we obtain the following corollary: 

Corollary 3.3. Let ( )GX ,  be a G-metric space which satisfies (W.3). 

Let A and B be self-mappings of X such that 

 (i) ( ) ( ),XTXA ⊂  

(ii) ( ) ( ) ( ) ( )( )zyxMazyxaLAzAyAxG ,,1,,,, −+Ψ≤  

for all ,, Xyx ∈  where 

( ) ( ) ( ) ( ){ },,,,,,,,,max,, TzTyAyGAzAyTxGTzTyTxGzyxL =  

( ) [ ( ( ) ( ) ( ),,,,,,,,,max,, 2 TzTyAyGAzAyTxGTzTyTxGzyxM =  

( ) ( ) ( )}] ,,,,,,,,, 212 TzTyAyGAzAyTxGTzTyTxG  
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and .10 ≤≤ a  Suppose that ( )TA,  satisfies the common (E.A) property 

and is weakly compatible. If one of the subspaces AX or TX of X is complete, 
then A and T have a unique common fixed point in X. 

Remark 3.1. (i) If we take ,1=a  ( ) ( )TzTyTxGzyxL ,,,, =  and 

( ) ( )tt α=Ψ  in Corollary 3.2, then we have (Theorem 2.2 in [26]). 

(ii) If we take ,1=a  ( ) ( )TzTyTxGzyxL ,,,, =  and ( ) ( )tt α=Ψ  in 

Corollary 3.3, then we have (Theorem 2.1 in [28]). 

Now, we give an example to support Corollary 3.1. 

Example 3.2. Let [ ),,0 ∞=X  ( ) xzzyyxzyxG −+−+−=,,  

for all .,, Xzyx ∈  Let XXhgTSBA →:,,,,,  be defined by ,8xAx =  

,16xBx =  ,2xTx =  ,4xSx =  ,32xhx =  .xgx =  Clearly, we can get 

( ) ( ),XTXA ⊂  ( ) ( )XSXB ⊂  and ( ) ( ),XgXh ⊂  also, ( ),, gA  ( )TB,  

and ( )Sh,  satisfy the common (E.A) property as 

n
n

n
n

n
n

n
n

n
n

SzTyBygxAx
∞→∞→∞→∞→∞→

==== limlimlimlimlim  

,0lim Xhzn
n

∈==
∞→

 

if { } { }nn yx ,  and { }nz  are the sequences defined by 
1

1,1
32 +

==
n

y
n

x nn  

and ,
1

1
4 +

=
n

zn  and are weakly compatible. 

If we take ( ) ,2tt =Ψ  ,0=x  1=y  and ,2=z  then we have ( ) =Ψ t  

tt <2  for each ,0>t  and 

 ( ) ( ) .8
132,16,8,, == zyxGhzByAxG  (3.9) 

( ) 1,, =zyxL  and ( ) ,1,, =zyxM  

 ( ) ( ) ( )( ) ( ) ,2
11,,1,, =φ=−+φ zyxMazyxaL  (3.10) 
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from (3.9) and (3.10), we get the inequality of Corollary 3.1 is satisfied, so 
that all the conditions of Corollary 3.1 are satisfied. Moreover, 0 is the 
unique common fixed point for all the mappings A, B, S, T, g and h. 

Theorem 3.2. Let ( )GX ,  be a complete G-metric space and f, g, S, T, h 

and R be six self-mappings of X such that 

  (i) ( ) ( ),XgXf ⊆  ( ) ( )XSXh ⊆  and ( ) ( ),XTXR ⊆  

 (ii) one of the six mappings is continuous, 

(iii) the pairs ( ),, gf  ( )Sh,  and ( )TR,  are weakly compatible, 

(iv) 

( )
( )

( )
( )

∫∫ ϕα≤ϕ
TzSyfxGRzhyfxG

dttdtt
,,

0

,,

0
 

( )
( )

( )
( )

,
,,

0

,,

0 ∫∫ ϕγ+ϕβ+
RzSygxGTzhygxG

dttdtt  (3.11) 

for every ,,, Xzyx ∈  1330 <γ+β+α≤  and ++ →ϕ RR:  is a Lebesgue-

integrable mapping which is summable and subadditive subset of ,+R  non-

negative and such that 

( )∫
ε

>ϕ
0

0dtt  for all .0>ε  

Then f, g, S, T, h and R have a unique common fixed point in X. 

Proof. Let 0x  be an arbitrary point in X. From (i), there exist 321 ,, xxx  

X∈  such that ,10 gxfx =  ,21 Sxhx =  .32 TxRx =  By induction, there exist 

sequences { }nx  and { }ny  in X such that 

23132313313 , +++++ ==== nnnnnn Sxhxygxfxy  

and ....,2,1,0,332333 === +++ nTxRxy nnn  (3.12) 

If ,2313 ++ = nn yy  then ., 13 +== nxxgxhx  
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If ,3323 ++ = nn yy  then ., 23 +== nxxsxRx  

If ,313 nn yy =+  then ., 3nxxfxTx ==  

If ,1 nn yy ≠+  then from (3.11) and using (3.12), we get 

( )
( )

∫
++

ϕ
13133 ,,

0

nnn yyyG
dtt  

( )
( )

∫
−

ϕ=
nnn RxhxfxG

dtt3313 ,,

0
 

( )
( )

( )
( )

∫∫
−−

ϕβ+ϕα≤
nnnnnn TxhxgxGTxSxfxG

dttdtt 33133313 ,,

0

,,

0
 

( )
( )

∫
−

ϕγ+
nnn RxSxgxG

dtt3313 ,,

0
 

( )
( )

( )
( )

∫∫
+−

ϕβ+ϕα=
nnnnnn yyyGyyyG

dttdtt 31313333 ,,

0

,,

0
 

( )
( )

∫
+−

ϕγ+
13313 ,,

0

nnn yyyG
dtt  

( ) ( )
( )

,13313 ,,

0∫
+−

ϕγ+β=
nnn yyyG

dtt  (3.13) 

from the rectangular inequality, we have 

( ) ( ) ( )1333331313313 ,,,,,, +−+− +≤ nnnnnnnnn yyyGyyyGyyyG  

( ) ( ),,,2,, 131333313 ++− +≤ nnnnnn yyyGyyyG  (3.14) 

from (3.13) and using (3.14), we obtain 

( )
( )

( )
( )

,221
331313133 ,,

0

,,

0 ∫∫
−++

ϕ
γ−β−

γ+β≤ϕ
nnnnnn yyyGyyyG

dttdtt  
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that is, 

( )
( )

( )
( )

,331313133 ,,

0

,,

0 ∫∫
−++

ϕ≤ϕ
nnnnnn yyyGyyyG

dttrdtt  

where .1221 <
γ−β−

γ+β=r  

By induction, one can write that 

( )
( )

( )
( )

.11011 ,,

0

,,

0 ∫∫ ϕ≤ϕ
++ yyyGnyyyG

dttrdttnnn  

Therefore, for all ,, Nmn ∈  ,mn <  we get by rectangular inequality and 

properties of ϕ that 

( )
( )

( )
( )

( )
( )

∫∫∫
+++++

ϕ+ϕ≤ϕ
21111 ,,

0

,,

0

,,

0

nnnnnnmmn yyyGyyyGyyyG
dttdttdtt  

( )
( )

∫
−

ϕ++
mmm yyyG

dtt
,,

0

1  

( ) ( )
( )

,110 ,,

0
11 ∫ ϕ+++≤ −+ yyyGmnn dttrrr  

taking the limit as ,, ∞→mn  we have 

( )
( )

0lim
,,

0
=ϕ∫∞→

mmn yyyG

n
dtt  or ( ) ,0,,lim =

∞→
mmn

n
yyyG  from (3.2). 

Thus, { }ny  is a G-Cauchy sequence in X. So it is convergent. Let its limit be 

z, i.e., 

,limlimlim 13313 zgxfxy n
n

n
n

n
n

=== +
∞→∞→

+
∞→

 

,limlimlim 231323 zSxhxy n
n

n
n

n
n

=== +
∞→

+
∞→

+
∞→

 

zTxRxy n
n

n
n

n
n

=== +
∞→

+
∞→

+
∞→

332333 limlimlim  
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13133 limlimlim +
∞→

+
∞→∞→

==⇒ n
n

n
n

n
n

hxgxfx  

.limlimlim 332323 zTxRxSx n
n

n
n

n
n

==== +
∞→

+
∞→

+
∞→

 (3.15) 

If g is continuous, then 

( ).denotewelimlim 31313 nnn
n

n
n

xxgzghxggx →== +
∞→

+
∞→

 

Further, f and g are weakly compatible, therefore 

( ) 0,,lim =
∞→

nnn
n

fxgfxgfgxG  

implies 

 .lim gzfgxn
n

=
∞→

 (3.16) 

If ,gzz ≠  then from (3.11), we get 

( )
( )

( )
( )

∫∫
−−

ϕα≤ϕ
nnnnnn TxSxfgxGRxhgxfgxG

dttdtt
,,

0

,,

0

11  

( )
( )

∫
−

ϕβ+
nnn TxhxggxG

dtt
,,

0

1  

( )
( )

∫
−

ϕγ+
nnn RxSxggxG

dtt
,,

0

1  

as ,∞→n  and using (3.15), (3.16), we have 

( )
( )

( ) ( )
( )

∫∫ ϕγ+β+α≤ϕ
zzgzGzzgzG

dttdtt
,,

0

,,

0
 

which is a contradiction ( ),1since <γ+β+α  therefore 

( )
( )

,0
,,

0
=ϕ∫

zzgzG
dtt  

from (3.2), we have ( ) 0,, =zzgzG  or .zgz =  
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Again, if ,fzz ≠  then from (3.11), we get 

( )
( )

( )
( )

∫∫ ϕα≤ϕ
nnnn TxSxfzGRxhxfzG

dttdtt
,,

0

,,

0
 

( )
( )

( )
( )

,
,,

0

,,

0 ∫∫ ϕγ+ϕβ+
nnnn RxSxgzGTxhxgzG

dttdtt  

taking the limit as ,∞→n  and using (3.15), (3.16), we have 

( )
( )

( )
( )

∫∫ ϕα≤ϕ
zzfzGzzfzG

dttdtt
,,

0

,,

0
 

which is a contradiction, therefore ( )( )
,0

,,
0

=ϕ∫
zzgzG

dtt  from (3.2), we 

have ( ) 0,, =zzfzG  or zfz =  

 .zfzgz ==⇒  (3.17) 

By the same way, if we take h or S is continuous and the pair ( )Sh,  is 

weakly compatible, then 

 .vSvhv ==   (3.18) 

Also, if we take T or R is continuous and the pair ( )RT ,  is weakly 

compatible, therefore 
 .µ=µ=µ RT  (3.19) 

If ,µ≠≠ vz  then from (3.11), we get 

( )
( )

( )
( )

( )
( )

∫∫∫
µµµ
ϕα≤ϕ=ϕ

TSvfzGRhvfzGvzG
dttdttdtt

,,

0

,,

0

,,

0
 

( )
( )

( )
( )

,
,,

0

,,

0 ∫∫
µµ
ϕγ+ϕβ+

RSvgzGThvgzG
dttdtt  

by using (3.18) and (3.19), we have 

( )
( )

( ) ( )
( )

,
,,

0

,,

0 ∫∫
µµ
ϕγ+β+α≤ϕ

vzGvzG
dttdtt  
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we have a contradiction again, then from (3.2), ( ) 0,, =µvzG  or ,µ== vz  

i.e., 
.zRzTzfzgzSzhz ======  

Uniqueness follows easily from (3.11). 

Therefore, f, g, S, T, h and R have a unique common fixed point in X. 
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